456 J. SPACECRAFT

VOL. 11, NO. 7

Partially Filled Viscous Ring Nutation Damper

KyLE T. ALFRIEND*
NASA Goddard Space Flight Center, Greenbelt, Md.

The problem of a spinning satellite with a partially filled viscous ring nutation damper is investigated. It is shown
that there are two distinct modes of motion, previously named the nutation synchronous mode and the spin
synchronous mode. An approximate solution for the nutation angle time history is obtained and time constants
for the two modes are given as a function of suitable dimensionless parameters. Comparison is then made with
the exact solution obtained by numerical integration of the exact equations of motion. From a consideration of
the fluid dynamics several methods are developed for determining the damping constant.

1. Introduction

HE first analysis of a partially filled viscous ring damper on

a spinning satellite was performed by Carrier and Miles.!+2
They assumed that the motion of the damper did not appreciably
affect the precession rate of the satellite but acted only as a
source of energy dissipation. With this assumption the motion
of the fluid on the tube was then treated as a fluid mechanics
problem and an approximate solution to the Navier-Stokes
equations was obtained. In this mode of motion the fluid is
spread out over the outer part of the tube. They then showed
that as the nutation angle increases gaps will begin to appear
in the fluid and finally somewhere between 4° and 1° the fluid
will begin to behave as a rigid slug. The angle of transition
between the modes is dependent on the parameters of the
system. At the nutation angles where the fluid behaves as a
rigid slug the problem was treated as boundary-layer flow over a
flat plate with the width of the plate being equal to the perimeter
of the tube. However the analysis did not completely treat the
problem because, as will be shown later, there are two distinctive
modes of motion when the fluid behaves as a slug and in one of
these modes the boundary-layer flow assumption is not valid. On
some satellites, such as Helios, which employ this type of nutation
damper, the center of the ring is offset from the spin axis so that
the fluid will always behave as a rigid slug. The next analysis,
which was performed by Cartwright et al.,*>** modelled the fluid
as a particle of equal mass moving in a tube resisted by a
viscous damping force. Their analysis revealed that there are two
distinct modes of motion which they named the nutation
synchronous mode and the spin synchronous mode. Although
there were some minor errors in their equations of motion they
correctly analyzed the nutation synchronous mode but failed to
analyze the spin-synchronous mode. After these analyses several
dampers using mercury were used on satellites.

Interest was revived in this problem when the failure of the
ATS-5 satellite was traced to energy dissipation which resulted
from fluid motion in the heat pipes. The heat pipes were
behaving as partially filled viscous ring dampers. A ring damper
using mercury is planned for the Helios satellite and during a
portion of the flight the satellite will be spinning about its
axis of minimum moment of inertia. These factors make it
necessary to be able to predict more accurately the energy
dissipation resulting from this type of damper.

Alfriend® approached the problem in the same manner as
Cartwright®* 'and obtained approximate equations describing
the motion in both modes of motion. The agreement between
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the approximate equations and exact equations was excellent.
When the problem is approached in this manner it must be
accompanied with a method for determining the damping
constant. Recently Leibold® analyzed the problem using the
same approach as Alfriend® and Cartwright®* and suggested
assuming steady flow in a straight pipe as a means of calculating
the damping constant.

The approach taken in this analysis is to assume that the fluid
is behaving as a rigid slug. Since the fluid may fill up to 50%, of
the tube the slug is not modeled as a point mass as in previous
studies but is modeled as a rigid slug of finite length. The
equations of motion are developed in terms of dimensionless
variables and approximate time constants are obtained in terms
of a suitable set of dimensionless parameters. These approximate
solutions are then compared with those obtained from numerical
integration of the exact equations of motion. The time constant
obtained by Miles for very small nutation angles is then given.
The problem of determining the damping constant by considering
the fluid dynamics is then attacked and comparisons of several
methods are given with the drawbacks of the methods pointed
out. '

2. Problem Solution

The equations of motion of a rigid slug moving in a tube which
encircles the spin axis of a symmetric satellite are developed in

Fig. 1 Mathematical
model and coordinate
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Appendix A. p, ¢, and r are the dimensionless components of the
angular velocity along the u, v, and z axes. Referring to Fig. 1
the u, v, and z axes rotate relative to the body such that the u axis
passes through the center of mass of the slug. f§ is the angular
position of the slug measured from the x-axis, i.e., it is the angle
between the x and u axes. The dimensionless parameters of the
system are ¢, b, g, 5, and y where ¢ is a small parameter which
is the ratio of the moment of inertia of the tube filled with fluid
to the transverse moment of inertia of the satellite, b is the ratio
of the height of the ring above the satellite center of mass to the
radius of the ring, o is the ratio of the spin and transverse
moments of inertia, # is a dimensionless damping constant, and
y is the angle of fill of the fluid in the ring. A dimensionless
time 7 = Qr is used where Q is the spin rate of the satellite.

Before developing the solution for the motion of the slug the
equation for the nutation angle will be developed. The nutation
angle 6 is given by

tanf = H,/H, 1
where H, is the transverse component of the angular momentum,
H?>=H/+H,? and H, is the spin axis component of the
angular momentum. leferentlatlon of Eq. (1) gives

=Ht//Ifz= _Hz,./Ht:(pHu_qHu)/Ht (2)
Substitution of Eqs. (A1) for H, and H, gives
0 = [(sin y/y)p-+ bk(+ B)]e7a/ 0% + 422+ 06 ()
where k = [sin (7/2)]/(y/2).

The advantage of using Eq. (3) to determine 6 rather than
Eq. (1) should now be obvious. Using Eq. (3) to determine
0 to O(e) only requires the first approximation of p, g, r, and §,
whereas if Eq. (1) was used p, g, r, and 8 would have to be
calculated through the second approximation, ie., to O(e), in
order to obtain 6 to O(e).

Neglecting terms of O(g) the equations of motion, Eq (A9)
become

r=1
P+(—p)g=0
4
¢—(—B)p=0 @
B"+nB" +(sin y/y)pq + bokqg = 0 (5)

where 4 =g—1 is the nutation frequency. The solution for p
and q is

P = —,cos(At—f)

q = —w,sin (A1—f)
The equation for 6 becomes
0" = [(sin y/y)e, cos (Az — B)— bk(1 + )] €7 sin (Jz— B)+O(?) (7)
Since

(6)

tan 0 = H,/H, = w,/o + 0(¢) (8)

we can use Eq. (8) to substitute for w,. We now need to obtain
the solution for §.

Damper Motlon

A symmetrlc rigid body which is spinning about its axis of
symmetry has a constant nutation angle when no damping is
present. The transverse angular velocity vector o, rotates at a rate
of 6Qcosf and the body rotates relative to w, at a rate of
(1—0)Q2. When no damping is present the center of mass of the
fluid slug will be flung outward as far as possible which will be
along o, or the plane formed by H and the z axis, hereafter
called the nutation plane. The fluid slug will then be moving at
a constant rate of (1 — ¢)Q with respect to the body. Introduction
of a small amount of damping causes the center of mass of the
fluid slug to move off the nutation plane to an equilibrium
position where a component of the centrlfugal force balances the
friction force. This type of motion is called “nutation-
synchronous” motion. In this mode the fluid slug is moving at
a constant rate with respect to the body, hence the energy
dissipation rate is a constant. If ¢ > 1 the nutation angle decreases
which causes a decrease in the centrifugal force and the fluid

PARTIALLY FILLED VISCOUS RING DAMPER 457

T

Fig. 2 Typical nutation angle decay.

slug center of mass moves farther from the nutation plane.
Eventually the centrifugal force is not large enough to balance
the damping force and the fluid slug begins to be dragged
around with the body while oscillating in the tube. This type
of motion is called “spin-synchronous” motion. The terms
nutation-synchronous and spin-synchronous were first intro-
duced by Cartwright et al.>* A typical nutation angle time
history showing the two modes of motion is shown in Fig. 2.
Although the angle of transition between the two modes in
Fig. 2 is less than the angle for which the fluid begins to behave
as a slug this transition angle can easily be 10°-15° for a different
set of parameters. However it is entirely possible that the spin-
synchronous mode may not exist if the ring is not offset from
the spin axis.

The purpose now is to determine f and consequently 6 in
these two modes of motion as a function of the dimensionless
parameters ¢, #, 0, b, and .

Nutation-Synchronous Mode

Let o measure the position of the center of mass of the fluid
slug with respect to the nutation plane. Assuming that at t = 0,
f =0 then

o= p—it ©)
€ =.001
— approximate n=21
- - exact b=1

0
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Fig. 3 Comparison of exact and approximate nutation angle time
histories for the nutation synchronous mode.
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Equation (5) becomes
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A particular solution of this equation is « = &, where

sin ae[l - tan 0 cos (;;/2)cosoze] _ _nle—1) ‘(1-1)‘

bok

where @, = ¢ tan 6 has been used. Thus the fluid slug will remain
in the nutation-synchronous mode as long as Eq. (11) is satisfied.
Once 6 becomes small enough so that o, = +7/2 the fluid slug
goes into the spin-synchronous mode. The transition angle 8,
from one mode to the other is

tan 6, = n|o - 1|/(bo’k) 12)
" Substitution of the solution for o into the nutation angle
rate equation, Eq. (7), and neglecting terms of O(¢?) gives

‘ tanf 0 = —enj(a— 1)/ 13)
which has the solution :
cos f = cos B, exp (T/Tcn) (14)
where
Ten = 0/en(0—1) - (19)

Thus in the nutation synchronous mode the cosine of the
nutation angle, not the nutation angle, exhibits exponential
behavior. No small angle approximation has been made, hence
Eq. (14) is valid for 0 < 8 < /2. For small # the nutation angle
time history can be approximated by
0.= (05— 2/t (16)

‘A comparison of § given by Eq. (14) and 6 obtained from
numerical integration of the equations of motion, Egs. (A9), is
given in Fig. 3. A comparison of t,, given by Eq. (15) and an
“exact” time constant is given in Figs. 4 and 5. The “exact” time
constant is obtained by assuming exponential behavior of cos ¢
for the solution obtained by numerical integration of Eqs. (A9)
and calculating a time constant. Figures 3-5 show that the
approximate solutions given by Egs. (14) and (15) are good.

If there are N dampers the time constant is

Ten = G/I:(G_l)—zl Si’;l‘r’vi] (17)

!

Fig.5 1,vsoa.
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Spin-Synchronous Mode

Substitution of the solution for p and ¢q into Eq. (5) gives

. 2 — i
"+ + boke, sin (f— ,11)[1 _@oos b/ )ZOS ¢ ’)] = 0(18)
[
Since the spin synchronous mode occurs for the smaller nutation
angles w, < 1, thus the last term within the brackets in Eq. (18)
will be dropped. An approximate steady-state solution of Eq. (18),
obtained by taking the first iterate of a Picard iteration, is
B— B, = (bka?/A) tan O[ E sin (B, — A1)+ F sin (8,— A1)] (19)
where f, is the initial value of § and
E = 23 +1?)
F=—n/®+n%
A second iterate in the Picard iteration scheme would show the
slow movement of the slug around the tube, but this second
iterate is not needed to determine 6. The first iterate is obtained
by assuming f = f§, in the sin (— A1) and cos (f— At) terms. The
basis for this assumption is that the change in B is small
compared to Ar.
The nutation angle differential equation is
0 = [ —(sin y/y)e, cos (B— Az)+ (1 + B)bk] ey sin (8 — A1) (21)
Assuming that 0 is small enough so that terms of O(#?) can be
-neglected and assuming that the change in § is small so that
sin (B— B,) = (f— B,) and cos (B— f,) = 1. Equation (21) reduces
to :
0 +0[(1/7)+ k1 €08 24T + k580 207 ] =
—(eb/m) sin (y/2) sin At (22)
where «; and k, are constants and
2(c—D[(c—1)*+n?
N ) it -
eb’a ny[sin (7/2)/(7/2)]
The solution of Eq. (22) is an infinite series but the x, and «,

terms contribute nothing to the exponential decay of the solution.
The important part of the solution is

(20)
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A
0= (00+ m) exp (—1/t.)+

<i sin At — A cos ir) / A*+1/5) (29
cs f

Thus the solution is the superposition of an oscillation and an
exponential decay with a time constant given by Eq. (23). A
comparison of the time constant given by Eq. (23) and an “exact”
time constant is given in Figs. 6 and 7. The “exact” time constant
was obtained by numerically integrating the exact equations of
motion, assuming exponential behavior for maximum values of
0 during each oscillation and calculating the time constant.
Again the approximate solution developed is a good one.

When there are N dampers the time constant becomes

1 _2-1) Y { [(6—1)?+7] }
3 b0 ¥; [sin (3:/2)/(y:/2)] 2

Tes a i=1

(25)

3. Calculation of the Damping Constant »

In the preceding section -approximate equations were
developed for the nutation angle behavior and corresponding
time constants. Comparison with the results from numerical
integration of the exact equations of motion has shown that the
approximate equations developed are good approximations of
the time constants. For a given system all of the required
dimensionless parameters are well defined except for the damping
constant # or ¢, 1 is related to the kinematic viscosity, thus
a consideration of the fiuid dynamics of the problem is necessary.
Since the motion of the fluid slug is different in the two modes
the fluid dynamics problem must be considered for each mode.

Nutation-Synchronous Mode

In the nutation synchronous mode the velocity of the fluid slug
is constant with respect to the satellite or tube. As a result two
approaches have been suggested for calculating . The approach
suggested by Leibold® is to model the motion of the fluid as

= exact
== approximate
o'l
€ = 0002
n=243
b=.4
T=u5
I7es(
10'f
103 1
K] 8

Fig.7 t,vso.
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steady flow in a pipe and the second approach used by Carrier
and Miles'+? is to model it as boundary-layer flow over a flat
plate with the width of the plate being the perimeter of the
pipe. Both approaches must be considered for both laminar and
turbulent flow.

A) Steady Flow in a Pipe

1) Laminar flow: The development of steady flow in a straight
pipe can be found in almost any standard fluid mechanics text
such as Ref. 7.

Solution of the Navier-Stokes equations with a flux of

0 = na®R (26)

where Rp is the velocity of the fluid slug relative to the ring
and a is the radius of the pipe, gives

u = 2RB[1—(r/a)’] @7
The shear stress at any point is
T = u u/or (28)
where u is the viscosity. Thus the total viscous force is
F = 2na)(Ry)t|,=, = 87uR*fy (29)

Equating this to the force determined from the dynamic analysis,
ie.,
F = c;v=c,;Rp = nmQRJ (30)
gives
n = 8(v/a’Q) (31)

where v is the kinematic viscosity. The quantity (a2Q/v) is a
Reynolds number but is not the standard Reynolds number for
steady flow in a pipe. The Reynolds number is

Re = 2aRp/v (32)
Since the flow is laminar for Re < 2000, Eq. (31) holds for
Re < 2000.

The preceding analysis assumed flow in a straight pipe but we
have flow in a curved pipe. The correction factor for flow in a
curved pipe as given by Schlichting® is

/1, = 0.1064 Re(a/R)*/*]*/* (33)
where 1, is the shear stress in the straight pipe and 1 is the shear
stress in the curved pipe. Equation (32) is valid for
10'-% < (a/R)"/?> Re < 10°. For Re = 2000 and (a/R) = 15 the
increase in shear stress is 50%;. Therefore one should take into

account the curvature of the pipe. The damping constant for
laminar flow then becomes

1 = 1.2(v/a*Q)Y*(R/a)"/*|o — 1|1/* (34)

The assumption here is that we have steady flow in a pipe, but a

certain length is required for steady flow to develop. For flow
from a cistern into a pipe this length (Ref. 7, p. 301) is

0 =0.0575a Re (35)

which for Re = 1500 is § = 86a. But the length of the fluid in
many cases may not be much more than 86a. Thus the length of
fluid required for steady flow to develop may be about equal
to the length of the fluid. This is the error in assuming steady
flow.

2) Turbulent flow: Blasius (Ref. 7, p. 339) developed for steady
turbulent flow in a straight pipe the following empirical result
for the shear stress

7 =0.0791 Re” "*(3pu,,2), 2x10* < Re < 10° (36)
where u,, is the mean velocity Rf. Using the same procedure as
before to calculate the damping constant one obtains

1 = 0.133(v/a’Q)"*(R/a)**|o — 1>'* 37

The correction factor to take into account the fact that the flow
is in a curved pipe is

t/t, = 14+0.075 Re'*(a/R)!/? (38)

This correction factor is smaller than that for laminar flow and

can be neglected since it is usually less than 109/. With the
correction factor the damping constant becomes

J. SPACECRAFT

1 = 0.133(v/a® Q)" *(R/ay**|o — 1|>* x
[1+40.089(a*Q/v)**(a/R)""*|a—1]"*] (39)
If the fluid is free from disturbances at entry the flow in a
smooth pipe for some distance é from the entry will be laminar
even though turbulence develops further downstream. The
Reynolds number at which the transition occurs may be expected
to have the same order of magnitude as the Reynolds number
for transition in flow along a flat plate. When the conditions
are disturbed at entry the distance required for the velocity to
take its final form is less but it depends on the amount of
disturbance. When the flow is fully turbulent the inlet length &
has been found to be®

= 1.386a Re'/* (40)

For Re = 10*, 5 = 13.86a which is considerably less than that for
laminar flow. Thus the error which results from the assumption
of steady fiow in a pipe is less in the turbulent region than in
the laminar region.

B) Flow Past a Flat Plate

1) Laminar flow: Since the flow for some distance from the
entry is similar to boundary-layer flow past a flat plate a
reasonable assumption is to treat the problem as boundary-
layer flow as was done by Carrier and Miles.!-? The drag force
on a flat plate of width b and length / is

D = 0.664b1'2pv112U 32 (1)
From the dynamic analysis
D =c,U, = c;Rp = nmQRp (42)
The damping constant # becomes
1 = 1.328(v/a’>Q)"2(|o — 1]*2/*1?) 43)

The question which now must be asked is: What is the distance
or length required for the boundary layer to disappear? Defining
the boundary-layer thickness ¢ as the distance for which
u = 099U, then (Ref. 8, p. 122)

e 5(W'28/U, 44)
Setting ¢ equal to the radius of the pipe yields
6 = (Re/25)a 45)

which may or may not be a substantial portion of the fluid
slug. The validity of each of the proposed methods is dependent
on the length (fraction of fill) of the fluid, thus it may be that
one is better for one system and the other better for another
system.

2) Turbulent flow: The drag force on a flat plate of width b
and length ! when the boundary layer is turbulent is (see Ref. 7,
p- 536).

D = 0.037pU ,2bl(U , I/jv)~ 13 (46)
Equating this to the viscous drag force
D=c,U,=c,Rf
one obtains

1 = 0.074(v/a®Q)'(R/a)*>y~ 13 |g —1]*/* (47)
This equation is valid for
5x10° < (Ry/2a) Re < 107 (48)

Spin-Synchronous Mode

In this mode the velocity of the fluid is not constant but
oscillatory with respect to the ring. The approach used by
Leibold® to obtain a damping constant is to use the results of
Bhuta and Koval,” who analyzed the damping of a satellite
with a completely filled viscous ring damper mounted in a plane
parallel to the spin axis. They modeled the motion of the fluid
as a fluid in an infinite pipe with the pipe executing harmonic
motion, and then obtained the energy dissipation rate which led
to the damping constant.

To apply their analysis to this problem it is assumed that the
analysis is valid for a finite length of fluid, the energy dissipation
rate is then averaged over m cycles to determine the average rate
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of energy dissipation. This average rate is then used to calculate
the damping constant. From Bhuta and Koval the energy
dissipation/unit length at the end of the mth cycle is

_ZUZC;m i e l: <—4r,,2mn>_ :I
== Lamor [ )

U?umn®

. {2 oI, — (=) *Tol }/IoTy  (49)

where I, and I, are modified Bessel functions of the first kind
and
I; = I(ip)"?
I, =I(—ip)"? (50
{ = sa*/v
U is the maximum velocity of the tube with respect to the fluid,
a is the radius of the tube, s is the excitation frequency, and the
r, are the zeros of J,(r,). Letting g({) be the average amount
of energy dissipation/cycle/unit mass/vel? one obtains for the
damping constant
1 = (|2l/m)g () (51)
where
n. (iC)llzlofx—(—iC)“ZToIl 2 8 .’
g({) = Z 1

— =Yy 2 x
Iol, m i;1 (r +0%?

|:exp (- 4’"2’"“} 1] (52)

g({) is plotted for several values of m in Fig. 8. Since g({) for
m = 20 and g({) for m = oo are approximately equal, it is reason-
able to just use the value of g({) when m = co which is

i (iC)l/Zlojl—(—iC)l/ZToll
g() = -{ = 53)
z Iolo (
The excitation frequency s is

s=lo—1Q

Recently some tests were run at NASA/GSFC for the Helios
satellite.® An analysis of these tests results is given in Ref. 11.
The analysis showed that all of the motion during the tests
was in the spin synchronous mode, thus the methods suggested
for calculating # for the nutation synchronous mode cannot be
compared with experimental results. The test data analysis
showed that 5 from the test results was consistently a factor of
4 to 5 higher than that predicted by Eq. (53). In the tests the
ring was offset from the spin axis by 0.25 in. and gravity is
acting on the slug. The gravitational effect can be removed!!
and numerical integration has shown that the offset has only a
small effect on the time constant. Thus one has to conclude
that the suggested method predicts a longer time constant than
actually exists. More testing and more research in this area is
needed.

10.0~

NORMALIZED ENERGY DISSIPATION PER CYCLE

. 1 1
1 10 ¢ 100 1000

Fig. 8 Normalized energy dissipation per cycle as a function of the
dimensionless parameter (.
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As a means of comparing the suggested methods for calculating
n in the nutation synchronous mode, 5 is calculated by the two
methods for the parameters in one of the series of the tests. The
fluid in the ring was mercury and the parameters for the first
series of tests are m =0.152 kg, a=0.28 cm, h=30 in,
R=29cm,v=117x10"2cm?/sec, 7 = 0.25, A = 59.37 slug ft?,
Q=95 rpm, 6 =0337, £=635x10"% and h=263. The
Reynolds number is

Re = 2aR(1—0)Q/v = 9.15x 10*

thus the flow is in the turbulent region. The resulting values
from Eqgs. (38) and (46) are

Steady flow in a pipe
n =0.135
Boundary-layer flow over a flat pipe
n = 0.053

In the spin-synchronous mode the value of # from the tests was
n = 0.21 and the predicted value from Eq. (53) was n = 0.044.

4. Summary

The problem of a symmetric spinning satellite with a partially
filled viscous ring damper has been investigated. It is shown
that there are three possible modes of motion. In the mode for
very small nutation angles, 6 < 0.5°, which was analyzed by
Carrier and Miles, the fluid spreads out over the outer wall of the
tube. In the other two modes, called the nutation-synchronous
mode and spin-synchronous mode by Cartwright,>* the fluid
lomps together and behaves as a rigid slug. Approximate
equations for time constants in the two modes have been
developed and comparison with numerical integration of the
exact equations shows that the approximations are good ones.
Methods for calculating the damping constant in the two modes
are also presented.

Appendix A : Equations of Motion

The system is assumed to consist of a symmetric rigid body
(the satellite) to which is attached on the axis of symmetry a
circular tube of radius R at a height 4 above the center of mass
of the satellite. Moving in the tube is a rigid slug which fills a
portion of the tube, the fraction fill is . It is assumed that the
center of mass of the system remains fixed at the satellite center
of mass. Using the u, v, z coordinate system of Fig. 1 where
the u axis passes through the center of mass of the fluid slug
and the z axis is along the axis of symmetry the equations of
motion are obtained by using the conservation of angular
momentum of the system and Lagrange’s equations for the
motion of the rigid slug in the tube. The angular momentum
of the system about the satellite center of mass is

H = [(A+L)o,— L., + e, +(A+ 1o, e,+
[Co.+L(w,+p) -1, w]e, (A1)
The kinetic energy of the system is
T = Alw,*+®,%)2+ Cw, 22+
[Lo2+1,0.2+ Lo+ -2 o0,+H]2  (A2)
where
I, = m[h*+(1 —sin y/y)R?/2]
I, = m[h*+(1 +sin y/y)R*/2]
I, =mR?
1. = mhR sin (y/2)/(y/2)

Assuming that the only force acting is a linear viscous damping
force which results from the motion of the fluid slug relative
to the satellite, the generalized force becomes

Q= —c,R?p (Ad)
It is advantageous in this problem to introduce dimensionless
variables and to express the parameters of the system in terms
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of suitable dimensionless parameters. Let the dimensionless time
T be

=0t (A5)

where Q is the initial spin rate and let the dimensionless angular
velocity components be p, g, r where

@, = pLQ, w, = qQ, w, =rQ (A6)

The dimensionless parameters are: ¢ the ratio of the spin axis
moment of inertia to the transverse moment of inertia, the
fraction fill ¥ or the angle of fill y, b the ratio of the height of
the ring above the satellite center of mass to the radius of the
ring, a dimensionless damping constant #, and ¢ which is the ratio
of the inertia of the tube filled with fluid to the transverse
moment of inertia of the satellite.

c6=C/A, b=hR & = mR*/A5 (A7)

Application of the conservation of angular momentum

equation H = 0 and Lagrange’s equations for quasi-coordinates
doT  oT T

ioB Paw, T Pon =% (A8)

0= cy/m,

yields
P'+(Ar—p)q/Dy+[Ay(r+B)— A2plq/D1 + AsB/QD; =0 (A9a)
q' —(Ar—PB)p/D2—[By(r+ ')+ Baplp/Ds + By(r+ B)*/D, = 0

(A9b)
B+ CiB/Q+Capg+ Cs[q(r+8)~p] =0 (A9¢)
r=14C,p/Q (A9d)

where primes denote differentiation with respect to t and

A=0—-1
A= 8}_,[_ by <1 _ Slﬂ) /2} eb? sin (y/2) sin (7/2)
v/ T (»/2)
4, = [sin y/y)—1]eb sin (3/2)/n

A3/ = ebn[sin (3/2]/6/2) (A10)

B, = e[ —b>+(1 +sin y/7)/2]
B, = —¢bsin(y/2)/n
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C,/Q={1+¢&y/o)n
C, =sinyfy
C; = b[sin (y/2)]/(3/2)
C./Q = enflo

by = traifp4(1-22) |- 2B pin )

Dy = 1+&5[b*+(L+sin y/y)/2]
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